Universal $R$--matrices for non-standard (1+1) quantum groups by Ballesteros, A. et al.
ar
X
iv
:q
-a
lg
/9
50
10
30
v1
  2
7 
Ja
n 
19
95
November 13, 2018
Universal R–matrices for
non-standard (1+1) quantum groups
A. Ballesteros1, E. Celeghini2, F.J. Herranz1, M.A. del Olmo3 and M. Santander3
1 Departamento de F´ısica, Universidad de Burgos
E–09003, Burgos, Spain
2 Dipartimento di Fisica and INFN, Sezione di Firenze
Largo E. Fermi, 2. I–50125 Firenze, Italy
3 Departamento de F´ısica Teo´rica, Universidad de Valladolid
E–47011, Valladolid, Spain
Abstract
A universal quasitriangular R–matrix for the non-standard quantum (1+1)
Poincare´ algebra Uziso(1, 1) is deduced by imposing analyticity in the defor-
mation parameter z. A family gµ of “quantum graded contractions” of the
algebra Uziso(1, 1)⊕U−ziso(1, 1) is obtained; this set of quantum algebras con-
tains as Hopf subalgebras with two primitive translations quantum analogues
of the two dimensional Euclidean, Poincare´ and Galilei algebras enlarged with
dilations. Universal R–matrices for these quantum Weyl algebras and their
associated quantum groups are constructed.
1 Introduction
Two types of quantum deformations for the so(2, 2) algebra and for its most relevant
graded contractions have been recently studied in [1]. They are called standard
and non-standard quantum algebras according to the fact that their corresponding
coboundary Lie bialgebras come from a classical r–matrix which is a skew solution
either of the modified classical Yang–Baxter equation (YBE) or of the classical
YBE, respectively. In contradistinction with the standard case, the family of non-
standard quantum algebras contains as quantum Hopf subalgebras two dimensional
Euclidean and (1+1) Poincare´ and Galilei algebras enlarged with a dilation: the
so-called “Weyl” or similarity subalgebras. These quantum subalgebras share the
property of including the two translation generators as primitive. This fact could
be relevant in relation with the problem of discretizing two dimensional spaces in
some symmetric way.
Let us also recall that a quasitriangular Hopf algebra [2] is a pair (A,R) where
A is a Hopf algebra and R ∈ A⊗A is invertible and verifies
σ ◦∆X = R(∆X)R−1, ∀ X ∈ A, (1.1)
(∆⊗ id)R = R13R23, (id⊗∆)R = R13R12, (1.2)
where, if R = ∑i ai ⊗ bi, we denote R12 ≡ ∑i ai ⊗ bi ⊗ 1, R13 ≡ ∑i ai ⊗ 1 ⊗ bi,
R23 ≡ ∑i 1 ⊗ ai ⊗ bi and σ is the flip operator σ(x ⊗ y) = (y ⊗ x). If A is a
quasitriangular Hopf algebra, then R is called a universal R–matrix and satisfies
the quantum YBE:
R12R13R23 = R23R13R12. (1.3)
In this paper, the construction of universal R–matrices and quantum groups
for the above mentioned family of non-standard quantum algebras is discussed. In
particular, we obtain the universal R–matrices for the Weyl subalgebras.
A straightforward approach to this problem would consist on starting from a uni-
versal R–matrix for the non-standard Hopf algebra Uzsl(2, IR) ≃ Uzso(2, 1), since
the prescription Uzso(2, 2) ≃ Uzso(2, 1)⊕ U−zso(2, 1) applied to R–matrices would
lead to a universal R–matrix for Uzso(2, 2). Afterwards, by introducing “quantum
graded contractions” a set of R–matrices for all the family of non-standard alge-
bras would be obtained. A similar procedure was developed in [3, 4] for getting
universal R–matrices for some standard quantum algebras. Unfortunately, to our
knowledge, no universal R–matrix for the non-standard Uzsl(2, IR) has appeared in
the literature, since in fact the one given in [5] neither verifies (1.1) nor satisfies
(1.3).
Therefore, we have to focus the problem from a different point of view. Following
the method developed in [6] for the standard (1+1) groups and in [7] for the Heisen-
berg group, we impose analyticity in the deformation parameter z and relation (1.1)
in order to get an R–matrix for the non-standard quantum (1+1) Poincare´ algebra
Uziso(1, 1). The R–matrix so obtained coincides in turn with a universal R–matrix
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for the positive Borel subalgebra of the non-standard sl(2, IR) given in [8]; this fact
proves its universality. This explicit construction together with a brief overview of
both the quantum Poincare´ algebra and group studied in [9] is presented in Section
2. The fact that
Uzt4(so(1, 1)⊕ so(1, 1)) ≃ Uziso(1, 1)⊕ U−ziso(1, 1) (1.4)
can be also used at the group and R–matrix levels and leads to the whole quantum
structure for this group as it is shown in Section 3; Lie algebras with structure
tn(so(p, q) ⊕ so(r, s)) are described in [10]. A “quantum graded contraction” is
introduced providing quantum structures for two more non-standard quantum real
algebras: Uziiso(1, 1) and Uzt4(so(2)⊕so(1, 1)) (the latter is isomorphic to the (2+1)
expanding Newton–Hooke algebra). Each of these quantum algebras contains a Hopf
Weyl subalgebra. Section 4 is devoted to the obtention of the universal R–matrices
and quantum groups corresponding to these Weyl subalgebras.
2 Universal R–matrix for the Poincare´ group
The (1+1) Poincare´ algebra iso(1, 1) is generated by one boost generator K and the
translation generators along the light-cone P±. The Lie brackets are:
[K,P±] = ±2P±, [P+, P−] = 0. (2.1)
A non-standard coboundary bialgebra of iso(1, 1) is generated by the classical r–
matrix r = zK ∧ P+ which verifies the classical YBE.
The quantum deformations for the universal enveloping algebra Uiso(1, 1) and for
the algebra of smooth functions on the group Fun(ISO(1, 1)), denoted respectively
by Uziso(1, 1) and Funz(ISO(1, 1)), are given by the following statements (see [9]
for a more detailed exposition and proofs and also [11]):
Proposition 1 The Hopf structure of Uziso(1, 1) is given by the coproduct, counit,
antipode
∆P+ = 1⊗ P+ + P+ ⊗ 1,
∆P− = e
−zP+ ⊗ P− + P− ⊗ ezP+ , (2.2)
∆K = e−zP+ ⊗K +K ⊗ ezP+ ;
ǫ(X) = 0; γ(X) = −ezP+ X e−zP+, for X ∈ {K,P±}; (2.3)
and the commutation relations
[K,P+] = 2
sinh zP+
z
, [K,P−] = −2P− cosh zP+, [P+, P−] = 0. (2.4)
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Proposition 2 The Hopf algebra Funz(ISO(1, 1)) has multiplication given by
[χˆ, aˆ+] = z(e
2χˆ − 1), [χˆ, aˆ−] = 0, [aˆ+, aˆ−] = −2zaˆ−; (2.5)
coproduct
∆(χˆ) = χˆ⊗ 1 + 1⊗ χˆ, ∆(aˆ±) = aˆ± ⊗ 1 + e±2χˆ ⊗ aˆ±; (2.6)
counit and antipode
ǫ(X) = 0, X ∈ {aˆ+, aˆ−, χˆ}; (2.7)
γ(χˆ) = −χˆ, γ(aˆ±) = −e∓2χˆaˆ±. (2.8)
The quantum coordinates χˆ, aˆ− and aˆ+ of Funz(ISO(1, 1)) are, respectively, the
dual basis of the Uziso(1, 1) generators H = e
zP+K, A− = e−zP+P− and A+ = P+.
Now we proceed to deduce a universal R–matrix for Uziso(1, 1). We assume
that the R–matrix is analytical in the quantum parameter z (= log q) and that
R = 1 ⊗ 1 + zK ∧ P+ + o(z2). Hence we consider an R–matrix as a formal power
series in z with coefficients in Uiso(1, 1) ⊗ Uiso(1, 1). We start from the following
Ansatz:
R = exp{zf(K,P+, z) g(P+, P−, z)}. (2.9)
Firstly, we impose R to verify relation (1.1). Starting with the primitive generator
P+, it is implied that
[R,∆P+] = 0. (2.10)
This requirement is fulfilled if
[f(K,P+, z) g(P+, P−, z),∆P+] = [f(K,P+, z), ∆P+] g(P+, P−, z) = 0. (2.11)
Therefore, by taking into account commutation rules (2.4) a solution for f(K,P+, z)
is
f(K,P+, z) = K ∧ sinh zP+. (2.12)
Now we should apply condition (1.1) for the two remaining generators P− and K.
Omitting the arguments of the functions f and g we have:
R∆X R−1 = exp(zfg)∆X exp(−zfg)
= ∆X + z [fg,∆X ] +
z2
2!
[fg, [fg,∆X ]] + . . .
+
zn
n!
[fg, [fg . . . [fg,∆X ]n) . . .]] + . . . (2.13)
Since P− commutes with P+, relation (2.13) with X ≡ P− becomes into
exp(zfg)∆P− exp(−zfg) = ∆P− + z [f,∆P−] g + z
2
2!
[f, [f,∆P−]] g
2 + . . .
+
zn
n!
[f, [f . . . [f,∆P−]
n) . . .]] gn + . . . (2.14)
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We need to obtain the brackets [f,∆P−], [f, [f,∆P−]],. . . in (2.14). The first and
the second ones are
[f,∆P−] = A, [f, [f,∆P−]] = B 2 sinh z∆P+, (2.15)
where
A ≡ 2 exp(−z∆P+) sinh zP+ ⊗ P− − 2 exp(z∆P+)P− ⊗ sinh zP+, (2.16)
B ≡ 2 exp(−z∆P+) sinh zP+ ⊗ P− + 2 exp(z∆P+)P− ⊗ sinh zP+. (2.17)
Due to expression (2.12) f commutes with any arbitrary function of P+, so we get
[f, sinh z∆P+] = 0, [f, B] = A 2 sinh z∆P+. (2.18)
By a recurrence method we obtain the 2n and 2n+ 1 iterates:
[f, [f . . . [f,∆P−]
2n) . . .]] = B (2 sinh z∆P+)
2n−1, (2.19)
[f, [f . . . [f,∆P−]
2n+1) . . .]] = A (2 sinh z∆P+)
2n, (2.20)
so that expression (2.14) can be written as follows
exp(zfg)∆P− exp(−zfg)
= ∆P− + A
∞∑
l=0
z2l+1
(2l + 1)!
(2 sinh z∆P+)
2lg2l+1 +B
∞∑
l=1
z2l
(2l)!
(2 sinh z∆P+)
2l−1g2l
= ∆P− +
A
2 sinh z∆P+
sinh(2z sinh(z∆P+)g)
+
B
2 sinh z∆P+
[cosh(2z sinh(z∆P+)g)− 1⊗ 1] . (2.21)
By introducing
C =
1
2 sinh z∆P+
sinh(2z sinh(z∆P+)g), (2.22)
D =
1
2 sinh z∆P+
[cosh(2z sinh(z∆P+)g)− 1⊗ 1] , (2.23)
expression (2.21) can be written as ∆P− + AC +BD, which must be equal to
σ ◦∆P− = ezP+ ⊗ P− + P− ⊗ e−zP+ . (2.24)
Thus, if we impose that (2.21) coincides with (2.24) we obtain the following system
of equations for the function g:
(1⊗ P−)(e−zP+ ⊗ 1− ezP+ ⊗ 1 + 2e−zP+ sinh zP+ ⊗ e−zP+(D + C)) = 0, (2.25)
(P− ⊗ 1)(1⊗ ezP+ − 1⊗ e−zP+ + 2ezP+ sinh zP+ ⊗ ezP+(D − C)) = 0. (2.26)
Both equations can be summarized by the expression
exp(±2z sinh(z∆P+)g) = exp(±2z∆P+) (2.27)
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leading to the same result for the function g:
g =
∆P+
sinh z∆P+
. (2.28)
Finally, an explicit check shows that the R–matrix
R = exp
{
K ∧ sinh zP+ z∆P+
sinh z∆P+
}
(2.29)
also verifies property (1.1) for the last generator K. Note that the functions f (2.12)
and g (2.28) commute.
The result (2.29) is in fact similar to a universal R–matrix given in [8] for a Hopf
algebra {v, h} which is isomorphic to the Hopf subalgebra {K,P+} of Uziso(1, 1).
Therefore, since the R–matrix (2.29) does not depend on P− the universality holds
and it satisfies the quantum YBE (1.3). On the other hand, it is worth remarking
that expression (2.29) has been also obtained in [12] following a different procedure.
3 Construction of Uziso(1, 1)⊕ U−ziso(1, 1)
Let us consider two copies of iso(1, 1) with generators {K l, P l±} (l = 1, 2). The set
of generators defined by
J3 = K
1 +K2, J± = P
1
± + P
2
±, N3 = K
1 −K2, N± = P 1± − P 2±, (3.1)
closes the algebra t4(so(1, 1)⊕ so(1, 1)) ≃ iso(1, 1)⊕ iso(1, 1). The formal transfor-
mation (equivalent to a graded contraction [1]) defined by
(J, P1, P2, C1, C2, D) := (
√
µN3/2, J+,
√
µN+,−J−,√µN−, J3/2), (3.2)
gives rise to the following non-vanishing commutation relations
[J, P1] = P2, [J, P2] = µP1, [D,Pi] = Pi,
[J, C1] = C2, [J, C2] = µC1, [D,Ci] = −Ci. (3.3)
For µ equal to +1, 0 and−1 we obtain, in this order, the commutators of t4(so(1, 1)⊕
so(1, 1)), iiso(1, 1) and t4(so(2)⊕ so(1, 1)). We denote these three algebras by gµ.
In the following, we will show how the results presented in the previous section
for the quantum non-standard (1+1) Poincare´ algebra provide a quantum structure
for the algebras gµ and for the groups Gµ as well as their universal R–matrices.
The invariance of Uziso(1, 1) under the transformation z → −z allows us to
write Uzt4(so(1, 1) ⊕ so(1, 1)) = Uziso(1, 1) ⊕ U−ziso(1, 1). The contraction (3.3)
is implemented to the quantum case by considering the following definition of the
contracted generators and deformation parameter
(J, P1, P2, C1, C2, D;w) := (
√
µN3/2, J+,
√
µN+,−J−,√µN−, J3/2; z/√µ), (3.4)
where w is the new (contracted) quantum parameter. In this way we obtain the
Hopf structure of Uwgµ. We omit the explicit expressions so obtained since they are
exactly the quantum algebras U (n)w g(µ1,0,+) (with µ ≡ µ1) given in [1].
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3.1 Poisson–Hopf structure of Fun(Gµ)
Before getting the quantum groups associated to Uwgµ we first study the algebra
Fun(Gµ) of smooth functions on the group Gµ.
A matrix realization of gµ in terms of 4× 4 real matrices is:
J =


0 −µ 0 0
−1 0 0 0
0 0 0 0
0 0 0 0

 , P1 =


0 0 0 0
0 0 0 0
0 1 0 0
0 1 0 0

 , P2 =


0 0 0 0
0 0 0 0
1 0 0 0
1 0 0 0

 ,
D =


0 0 0 0
0 0 0 0
0 0 0 1
0 0 1 0

 , C1 =


0 0 0 0
0 0 0 0
0 −1 0 0
0 1 0 0

 , C2 =


0 0 0 0
0 0 0 0
−1 0 0 0
1 0 0 0

 . (3.5)
Hence, a real 4×4 representation of the element g = ec1C1ec2C2ep1P1ep2P2edDeθJ ∈ Gµ
is given by
g =


C−µ(θ) −µ S−µ(θ) 0 0
−S−µ(θ) C−µ(θ) 0 0
t31 t32 cosh d sinh d
t41 t42 sinh d cosh d

 , (3.6)
with
t31 = (p2 − c2)C−µ(θ)− (p1 − c1) S−µ(θ),
t32 = (p1 − c1)C−µ(θ)− µ(p2 − c2) S−µ(θ),
t41 = (p2 + c2)C−µ(θ)− (p1 + c1) S−µ(θ), (3.7)
t42 = (p1 + c1)C−µ(θ)− µ(p2 + c2) S−µ(θ).
The generalized sine and cosine functions are defined by
C−µ(θ) =
e
√
µθ + e−
√
µθ
2
, S−µ(θ) =
e
√
µθ − e−√µθ
2
√
µ
. (3.8)
Note that for µ equal to +1 and −1 we recover the hyperbolic and elliptic trigono-
metric functions. The case µ = 0 corresponds to a contraction of the group repre-
sentation (3.6): C0(θ) = 1 and S0(θ) = θ.
Proposition 3 The fundamental Poisson brackets
{d, p1} = w µ ed S−µ(θ), {p1, c1} = w µ c2,
{d, p2} = w (edC−µ(θ)− 1), {p1, c2} = w c1,
{θ, p1} = w (edC−µ(θ)− 1), {p2, c1} = −w c1, (3.9)
{θ, p2} = w ed S−µ(θ), {p2, c2} = −w c2,
endow Fun(Gµ) with a Poisson–Hopf algebra structure.
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The Poisson brackets (3.9) comes from the Sklyanin bracket induced from a
classical r–matrix
{Ψ,Φ} = rαβ
(
XLαΨX
L
βΦ−XRαΨXRβ Φ
)
Ψ,Φ ∈ Fun(Gµ). (3.10)
In our case the r–matrix which satisfies the classical YBE is given by
r = w (J ∧ P1 +D ∧ P2), (3.11)
while left and right invariant vector fields are deduced from (3.6)
XLJ = ∂θ, X
L
D = ∂d,
XLP1 = e
dC−µ(θ)∂p1 + e
d S−µ(θ)∂p2 ,
XLP2 = e
dC−µ(θ)∂p2 + µe
d S−µ(θ)∂p1 , (3.12)
XLC1 = e
−dC−µ(θ)∂c1 + e
−d S−µ(θ)∂c2 ,
XLC2 = e
−dC−µ(θ)∂c2 + µe
−d S−µ(θ)∂c1,
XRJ = ∂θ + µp2∂p1 + p1∂p2 + µc2∂c1 + c1∂c2 ,
XRD = ∂d + p1∂p1 + p2∂p2 − c1∂c1 − c2∂c2 , (3.13)
XRP1 = ∂p1, X
R
P2
= ∂p2 , X
R
C1
= ∂c1 , X
R
C2
= ∂c2 .
3.2 Hopf structure of Funw(Gµ)
Now we proceed to quantize the Poisson–Hopf algebra Fun(Gµ). First we con-
sider two sets of quantum coordinates {χˆl, aˆl+, aˆl−} (l = 1, 2) of Funz(ISO(1, 1))
for l = 1 and of Fun−z(ISO(1, 1)) for l = 2. Then we construct the Hopf algebra
Funz(ISO(1, 1))⊕ Fun−z(ISO(1, 1)) with the results of Prop. 2 and by using the
new coordinates defined by
aˆ =
1
2
(χˆ1 + χˆ2), aˆ± =
1
2
(aˆ1± + aˆ
2
±), bˆ =
1
2
(χˆ1 − χˆ2), bˆ± = 1
2
(aˆ1± − aˆ2±). (3.14)
Next we apply the quantum contraction induced at the group level from (3.4):
(θˆ, pˆ1, pˆ2, cˆ1, cˆ2, dˆ;w) := (2bˆ/
√
µ, aˆ+, bˆ+/
√
µ,−aˆ−, bˆ−/√µ, 2aˆ; z/√µ), (3.15)
obtaining in this way the quantization of Fun(Gµ). The final result is summarized
as follows:
Proposition 4 The Hopf algebra Funw(Gµ) is given by non-vanishing commutators
[dˆ, pˆ1] = w µ e
dˆ S−µ(θˆ), [pˆ1, cˆ1] = w µ cˆ2,
[dˆ, pˆ2] = w (e
dˆC−µ(θˆ)− 1), [pˆ1, cˆ2] = w cˆ1,
[θˆ, pˆ1] = w (e
dˆC−µ(θˆ)− 1), [pˆ2, cˆ1] = −w cˆ1, (3.16)
[θˆ, pˆ2] = w e
dˆ S−µ(θˆ), [pˆ2, cˆ2] = −w cˆ2;
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coproduct, counit and antipode
∆(θˆ) = θˆ ⊗ 1 + 1⊗ θˆ, ∆(dˆ) = dˆ⊗ 1 + 1⊗ dˆ,
∆(pˆ1) = pˆ1 ⊗ 1 + edˆC−µ(θˆ)⊗ pˆ1 + µedˆ S−µ(θˆ)⊗ pˆ2,
∆(pˆ2) = pˆ2 ⊗ 1 + edˆC−µ(θˆ)⊗ pˆ2 + edˆ S−µ(θˆ)⊗ pˆ1, (3.17)
∆(cˆ1) = cˆ1 ⊗ 1 + e−dˆC−µ(θˆ)⊗ cˆ1 + µe−dˆ S−µ(θˆ)⊗ cˆ2,
∆(cˆ2) = cˆ2 ⊗ 1 + e−dˆC−µ(θˆ)⊗ cˆ2 + e−dˆ S−µ(θˆ)⊗ cˆ1;
ǫ(X) = 0, X ∈ {θˆ, pˆi, cˆi, dˆ}; (3.18)
γ(θˆ) = −θˆ, γ(dˆ) = −dˆ,
γ(pˆ1) = −e−dˆC−µ(θˆ)pˆ1 − µe−dˆ S−µ(θˆ)pˆ2,
γ(pˆ2) = −e−dˆC−µ(θˆ)pˆ2 − e−dˆ S−µ(θˆ)pˆ1, (3.19)
γ(cˆ1) = −edˆC−µ(θˆ)cˆ1 − µedˆ S−µ(θˆ)cˆ2,
γ(cˆ2) = −edˆC−µ(θˆ)cˆ2 − edˆ S−µ(θˆ)cˆ1.
The final step in this quantization process consists on deducing the universal
R–matrix for Uwgµ. We write two R–matrices (2.29) R
1
z and R
2
−z with generators
{K l, P l±} (l = 1, 2) for the two copies U±ziso(1, 1) and compute the product R =
R1zR
2
−z:
R = exp
{
K1 ∧ sinh zP 1+
z∆P 1+
sinh z∆P 1+
}
exp
{
−K2 ∧ sinh zP 2+
z∆P 2+
sinh z∆P 2+
}
= exp
{
(K1 ∧ sinh zP 1+∆P 1+ sinh z∆P 2+
−K2 ∧ sinh zP 2+∆P 2+ sinh z∆P 1+)
z
sinh z∆P 1+ sinh z∆P
2
+
}
. (3.20)
We introduce the change of generators (3.1) and, afterwards, we apply the quantum
contraction (3.4). The final expression for the universal R–matrix of Uwgµ (denoted
by Rw) is
Rw = exp{(M1N1 +M2N2)L}, (3.21)
where
M1 = D ∧ C−µ(wP1/2) sinh(wP2/2) + J ∧ S−µ(wP1/2) cosh(wP2/2),
M2 = µD ∧ S−µ(wP1/2) cosh(wP2/2) + J ∧ C−µ(wP1/2) sinh(wP2/2),
N1 = µ∆P1 S−µ(w∆P1/2) cosh(w∆P2/2)−∆P2C−µ(w∆P1/2) sinh(w∆P2/2),
N2 = ∆P2 S−µ(w∆P1/2) cosh(w∆P2/2)−∆P1C−µ(w∆P1/2) sinh(w∆P2/2),
L =
2w
C−µ(w∆P1)− cosh(w∆P2) . (3.22)
An interesting idea naturally arising from this result would be the use of the
FRT construction [13] to quantize Fun(Gµ). In fact, the matrix representation
(3.5) substituted in (3.21) gives rise to a particular representation of Rw:
Rw = exp{wr} = exp{w(J ∧ P1 +D ∧ P2)}
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= I ⊗ I + w(J ∧ P1 +D ∧ P2) + µw2P1 ⊗ P1, (3.23)
where I is the four dimensional identity matrix. In this representation the commu-
tation rules of the group coordinates (dˆ, θˆ, pˆi, cˆi) would be deduced from equation
RwT1T2 = T2T1Rw, (3.24)
T is the generic element of the group Gµ (3.6), T1 = T ⊗ I and T2 = I ⊗ T .
Lengthy computations show that commutators so obtained are exactly those given
in (3.16) up to a global change of sign in the deformation parameter w. Furthermore,
coproduct (3.17), counit (3.18) and antipode (3.19) can be got from relations ∆(T ) =
T ⊗˙T , ǫ(T ) = I and γ(T ) = T−1.
4 Universal quantizations of Weyl subalgebras
The Lie brackets
[J, P1] = P2, [J, P2] = µP1, [P1, P2] = 0, (4.1)
correspond for µ negative, positive and zero to the two dimensional Euclidean,
Poincare´ and Galilei algebras, respectively. We can enlarge these algebras by means
of a dilation generator D:
[D,Pi] = Pi, [D, J ] = 0. (4.2)
These enlarged algebras are the algebras of similarities of the Euclidean, Minkowskian
or Galilean planes, and will be denoted by sµ. They are naturally the “Weyl” sub-
algebras of the corresponding conformal algebras in two dimensions. Although the
conformal algebras of the family (4.1) are indeed so(3, 1), iso(2, 1) and so(2, 2) for
µ <,=, > 0 [1], the crucial point is that each of the algebras in the family gµ also
contains a subalgebra isomorphic to the Weyl subalgebra of the full conformal al-
gebras of the Euclidean, Poincare´ and Galilei spaces. Moreover, the Hopf algebra
Uwgµ preserves this property, that is, Uwgµ includes quantum Weyl subalgebras that
deform (4.1,4.2).
Proposition 5 The algebras Uwsµ given by [1]:
∆P1 = 1⊗ P1 + P1 ⊗ 1, ∆P2 = 1⊗ P2 + P2 ⊗ 1,
∆J = e−
w
2
P2 C−µ1(wP1/2)⊗ J + J ⊗ C−µ1(wP1/2)e
w
2
P2
−e−w2 P2 S−µ1(wP1/2)⊗ µ1D + µ1D ⊗ S−µ1(wP1/2)e
w
2
P2 ,
∆D = e−
w
2
P2 C−µ1(wP1/2)⊗D +D ⊗ C−µ1(wP1/2)e
w
2
P2
−e−w2 P2 S−µ1(wP1/2)⊗ J + J ⊗ S−µ1(wP1/2)e
w
2
P2;
ǫ(X) = 0; γ(X) = −ewP2 X e−wP2, X ∈ {J, Pi, D}; (4.3)
[J, P1] =
2
w
sinh(wP2/2)C−µ1(wP1/2),
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[J, P2] =
2
w
µ1 S−µ1(wP1/2) cosh(wP2/2),
[D,P1] =
2
w
S−µ1(wP1/2) cosh(wP2/2),
[D,P2] =
2
w
sinh(wP2/2)C−µ1(wP1/2),
[P1, P2] = 0, [D, J ] = 0;
are quasitriangular Hopf algebras with universal R–matrix (3.21,3.22).
Furthermore, it is clear that by taking the generators Ci ≡ 0 and the group
parameters cˆi ≡ 0 in Props. 3 and 4 we find a Poisson–Hopf algebra structure for
Fun(Sµ) and a quantum Hopf algebra Funw(Sµ).
5 Concluding remarks
A combined approach of the construction UzA⊕U−zA (A being either a Lie algebra
or the algebra of functions on the Lie group) together with a quantum contraction
provide a simultaneous universal quantization for the algebras gµ in the family (3.3).
One of the groups in the family Gµ can be realized as a kinematical group: the
group G−1 ≡ T4(SO(2)⊗ SO(1, 1)) is isomorphic to the (2+1) expanding Newton–
Hooke group [14], the motion group of a non-relativistic space-time with constant
negative curvature. Time is absolute in such a universe and a space-time contraction
leads from it to the Galilean case. An adapted basis for G−1 is formed by a time
translation H˜, two spatial translations P˜i, two boosts K˜i and one spatial rotation
J˜ , with corresponding group coordinates {t, xi, vi, ψ} (i = 1, 2). All expressions
obtained for G−1 in section 3 can be written in terms of these new generators and
group coordinates by means of the following isomorphisms:
J˜ ≡ J, P˜i ≡ 1
2
(Pi + Ci), K˜i ≡ 1
2
(Pi − Ci), H˜ ≡ −D, (5.1)
ψ ≡ θ, xi ≡ 2(pi + ci), vi ≡ 2(pi − ci), t ≡ −d. (5.2)
An open problem to be solved is the construction of a universal R–matrix for
the non-standard quantum deformation of sl(2, IR) which would provide a set of
universal R–matrices for the whole set of (2+1) non-standard quantum algebras,
following the method just described. We recall that among them there are some
rather interesting cases from a physical point of view: the conformal algebras of the
(1+1) Poincare´ (so(2, 2)) and two dimensional Euclidean spaces (so(3, 1)), besides
a “null-plane” (2+1) Poincare´ algebra.
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